Abstract. We derive the most general mimetic scalar-tensor theory assuming a healthy "seed" action and accounting for the constraints on the speed of gravitational-wave propagation arising from the GW170817 event. By analysing linear perturbations around a flat FLRW background in this model, we obtain a suitable form of the Poisson equation, which allows us to calculate the effective gravitational constant felt by "ordinary" matter. By restricting to a minimally coupled model, such an effective gravitational constant is equivalent to that obtained within General Relativity, with cold dark matter plus a perfect fluid dark energy component, with vanishing sound speed. Assuming, further, a ΛCDM background, the effective gravitational constant cannot be distinguished from that of the standard ΛCDM model, at linear order. For the full non-minimally coupled mimetic gravity model we obtain a non-vanishing gravitational slip and an effective gravitational constant which always differs from that of standard ΛCDM.
Introduction
In [1] mimetic matter (aka "mimetic gravity") was introduced as a modification of General Relativity (GR). By performing a non-invertible conformal transformation of the EinsteinHilbert action g µν = − g αβ ∂ α ϕ∂ β ϕ g µν .
(1.1)
one obtains a conformally invariant theory where the additional degree of freedom can mimic a cold dark matter contribution. Alternatively, by gauge fixing the conformal symmetry [2, 3] , the mimetic gravity model can be equivalently derived by adding the mimetic constraint via a Lagrange multiplier to the original seed theory into the action λ (g µν ∂ µ ϕ∂ ν ϕ + 1) [4] . The idea of a non-invertible transformation has been extended to a broad class of different modified gravity models as scalar-tensor theories [5] [6] [7] [8] [9] [10] [11] , massive gravity [12] , f (R) gravity [13] [14] [15] (see [16] for a review).
A necessary requirement for a modification of General Relativity (GR) is that the introduction of higher derivative terms does not introduce any ghost degree of freedom. Due to the Ostrogradski theorem (see for instance [17] ) this leads to strict conditions on the possible higher derivative terms. For a general scalar-tensor theory, higher derivative terms of the scalar field are allowed if specific degeneration conditions are fulfilled, which ensure that there is no additional Ostrogradski ghost degree of freedom [18] [19] [20] [21] . This class of theories are called "Degenerate Higher Order Scalar-Tensor" (DHOST) theories. Mimetic DHOST theories are discussed in [10] .
Recently, the detection of the gravitational wave (GW) event, GW170817 [22] , due to a binary neutron star merging and its associated gamma-ray burst (GRB) signal, GRB170817A [23] , provided tight constraints on the speed of gravitational wave propagation |c 2 t /c 2 − 1| ≤ 5 × 10 −16 . This has been used to constrain and exclude several modified gravity models that predict a speed of gravitational waves different from the speed of light [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] . In [35] [36] [37] [38] the constraints due to the speed of the gravitational waves have been derived for the DHOST models.
In [7] [8] [9] a mimetic Horndeski model is introduced. Restricting to a cubic mimetic Horndeski model a linear analysis around the Friedman-Lemaître-Robertson-Walker (FLRW) background shows that the evolution equation for the scalar gravitational perturbation is equivalent to that in GR with cold dark matter (CDM) and perfect fluid dark energy (PFDE), with vanishing sound speed, thus providing a natural implementation of a unified dark matterdark energy model (see e.g. [39] , for a review). By considering a ΛCDM background, the cubic mimetic Horndeski model cannot be distinguished from the standard ΛCDM model up to first order.
The Poisson equation and the gravitational slip are commonly used in the literature to test GR and constrain modified gravity models [40] [41] [42] [43] [44] . The gravitational slip measures the deviation between the Newtonian Φ and the longitudinal Ψ gravitational potentials. In the absence of anisotropic stress they are equivalent for GR, while they can differ in modified gravity models, as for instance in many non-minimally coupled scalar-tensor theories [45] . The Poisson equation deviations from GR are described by an effective gravitational constant which can be explicitly time-and scale-dependent, in contrast to GR.
In the first part of this paper, section 2 and 3, we derive the most general mimetic scalar-tensor theory, accounting for the constraints imposed on the speed of gravitational waves and for the restriction of a healthy seed theory. 1 In the following section 4 we review the derivation of the Poisson equation in standard GR and describe an alternative derivation which is used to obtain the Poisson equation for GR, with CDM and PFDE. Further, in section 5 we adopt the new method to derive the Poisson equation for the most general mimetic scalar-tensor theory discussed before. Using this result we analyze the case of (non)-minimal coupling of the mimetic scalar field with the curvature separately in more detail. We also provide an expression for the gravitational slip. Finally, in section 6 we give a discussion of our main results.
In this paper we adopt units such that the speed of light and the reduced Planck mass are unity. Further, we adopt the (−, +, +, +) signature for the metric. Greek indices run from 0 to 3 and latin ones from 1 to 3.
Mimetic scalar-tensor theory
The action for the general scalar-tensor theory up to cubic dependence on the secondderivatives of the scalar field can be written as [19] [20] [21] 46 ]
where X = g µν ϕ µ ϕ ν , ∇ µ ϕ ≡ ϕ µ and a i and b i are functions of ϕ and X. Further, L (2) or L (3) are all possible contractions of a scalar field up to second or third polynomial degree in second-order derivatives of the scalar field [21] . Together with the degeneracy conditions, which relates the parameter a i and b j , the action (2.1) defines the DHOST theory [19] [20] [21] . Higher than third degree terms which could be in principle added to the action above are ruled out by the speed of gravitational waves constraint [47] . Indeed, the Horndeski action is the subclass of the above DHOST action defined in [21] . The action above in Eq. (2.1) will be assumed as the "seed action" for our mimetic scalar-tensor theory, whose action can be written as
In general, the mimetic constraint could be generalized to λ (b(ϕ)X + 1). However, the Lagrangian is invariant under field redefinitions and therefore one can reabsorb b(ϕ) through a scalar field redefinition, as long as b(ϕ) is integrable (see the discussion in [7, 8, 10, 11] ). Due to the mimetic constraint, the X dependence of the functions can be neglected, since it can always be reabsorbed into a re-defined Lagrange multiplier, see [10, 48] Furthermore, any term containing higher-order derivatives of ϕ in L (2) or L (3) , having the form
will vanish identically, since it involves covariant derivatives of X. We use the notation θ 1 = ϕ µ ϕ ν ϕ µν , θ 2 = ϕ α ϕ µν ϕ αµ ϕ ν . Therefore, the functions a 3 , a 4 ,a 5 , b 4 ,...,b 10 can be set to zero without loss of generality. The action can be finally written as
All the functions depend now only on ϕ.
As a next step one can further simplify the action. In [10] it is discussed that one can set f 3 = 0, without any loss of generality, by redefining the functions f 2 , a 1 , a 2 and G. Further, since G is only a function of ϕ one can partially integrate this part, which yields
5) where we use the notation G ϕ ≡ ∂ ϕ G. Once again, one can insert the mimetic constraint X = −1 to obtain a general potential V (ϕ) = K(ϕ)+G ϕ (ϕ) 2 , which would read V = K−G 3,ϕ in the framework of Horndeski (see [7] for the sign convention of the Horndeski action). Finally, one obtains
3 Constraints from GW170817
As already mentioned, due to the detection of GW170817 [22] , there are strict constraints on the propagation speed of gravitational waves, c t , which has to be equal to the speed of light, c = 1, up to very high accuracy, |c 2 t /c 2 − 1| ≤ 5 × 10 −16 . In order to avoid any fine tuning, we simply require here that c t = c = 1. Evaluating at linear order the tensor part of the EOM in conformal time, as
where h αβ is the transverse and traceless metric perturbation and primes denote differentiation w.r.t. conformal time, the speed of gravitational waves can be calculated as
The explicit expressions for the functions c i are given in the appendix. For the aforementioned Lagrangian Eq. (2.6) we obtain for the propagation speed of gravitational waves
where H = a ′ /a is the Hubble parameter in conformal time. In [26] it is discussed that the contributions to the propagation speed of the gravitational waves from the terms of the second degree (a 1 and a 2 ) enter in a different part of the effective metric than the terms from third degree (b 1 , b 2 and b 3 ). Further, it is not possible to tune the functions between different parts of the effective metric in order to get a propagation speed of gravitational waves c t = 1. Using this fact, one easily realizes that the only natural way to get a tensor speed equal to the speed of light is
By using the background equation ϕ ′ = a one obtains the simplified condition b 2 = −b 3 , which is, however, completely background-dependent. In order to ensure that the speed of gravitational waves is equal to the speed of light in any background we have to restrict b 2 = b 3 = 0. Consequently, the action after the constraints due to the speed of gravitational waves simplifies to
The presence of a 2 and b 1 alone without the counter terms would introduce the Ostrogradski instability. Therefore, we must set a 2 = b 1 = 0 if we restrict ourselves to healthy seed actions (see the end of the section for a more detailed discussion). Consequently, after imposing the constraints due to the gravitational waves and the conditions for a healthy seed action every higher-derivative term has to vanish, namely
Alternative approach: We may alternatively establish the above by first constraining the most general scalar-tensor theory from the GW170817 event, and followed by the effect of the mimetic constraint. The equation of motion for the mimetic scalar-tensor model in Eq. (2.2) can be written as
Since the metric perturbations for the tensor mode are traceless and transverse, the righthand side does not contribute to the equation of motion for the tensor part at first order. Therefore, in general the conditions for the speed of the gravitational waves at linear order will be the same as in the seed theory, prior to the mimetic constraint. In principle, the background equation could cancel some terms, that contribute to the speed of the tensor mode, but this effect would of course be completely background dependent. In order to have valid constraints, independent of any background these ad-hoc solutions should be discarded. For that reason the conditions from the speed of the gravitational waves are the same for the seed theory and for the mimetic case. Therefore, if we want to start from the most general healthy scalar-tensor seed action after GW170817 we could directly start from the reduced DHOST theory discussed in [35, 36] . However, all the higher-derivative terms, which are left, have the form of θ n . Therefore, they do not contribute to the equation of motion in the mimetic matter theory. Hence, they can be neglected and one consequently obtains the final most general (healthy) mimetic scalar-tensor theory
Therefore we come to the same conclusion previously mentioned in the Eq. (3.6).
In principle, one could suppose that there is no need for the degeneracy conditions of the DHOST model, since the mimetic constraint itself eliminates the fourth degree of freedom, due to the higher-derivative terms [11] . So we could add terms as ( ϕ) 2 , or in general functions as f ( ϕ), which do not change the propagation speed of gravitational waves. In fact, the term with ( ϕ) 2 is widely discussed for the mimetic model, since it provides a non-vanishing scalar sound speed [6] . On the other hand, in the mimetic Horndeski model the sound speed for the scalar field vanishes, as discussed in [9] . However, as discussed in the literature, mimetic theories with this type of terms suffer of ghost or gradient instabilities [49, 50] .
In the following we will restrict ourselves to the case a 1 = a 2 = b 1 = b 2 = b 3 = 0, which is viable in terms of the speed of gravitational waves and free from instabilities, as long as λ > 0 [3, 48] .
Poisson Equation for General Relativity

Standard way
We study linear perturbations around a flat FLRW background. Considering only scalar perturbations in the Poisson gauge, and using conformal time η, we have
For the matter sector we consider a perfect fluid, 
As a next step the linearly perturbed time-space component of Einstein's equations are used, G 0i = T 0i , which gives
Integrating the previous equation and inserting it in the time-time component Eq. (4.2) we obtain the Poisson equation
with the gauge-independent density perturbation
Alternative way
Later, we will show that the standard procedure cannot be applied in mimetic gravity theories. Therefore, we present here an alternative way to derive the Poisson equation for the standard GR case. Integrating Eq. (4.3) one obtains the velocity of the fluid as
By linearly perturbing the energy continuity equation ∇ µ T µ0 = 0, one gets an equation for the density fluctuation
Further, only non-relativistic matter (representing e.g. the baryonic component) is considered, p 0 ≃ δp ≃ 0. Using Φ = Ψ this yields in Fourier space
On small scales k ≫ H one can neglect the second term compared to the third one in Eq. (4.6), since
Finally, we can insert the expression for the velocity in the continuity equation to obtain the Poisson equation on small scales:
which yields, after performing the integration reinserting the reduced Planck mass M −2 pl = 8πG = 1, and going back to configuration space,
Poisson equation for GR+CDM+PFDE
In this section the Poisson equation for GR plus cold dark matter and perfect fluid dark energy, with vanishing sound speed, is derived by using the aforementioned alternative procedure. Further, the special case of a ΛCDM model is investigated separately. For a better comparison with the Poisson equation for mimetic matter our aim is to include all the effects of the dark matter in an effective gravitational constant as felt by ordinary matter. It is important to note that, by making our choice even in the ΛCDM model, the effective gravitational constant becomes time-and scale-dependent, due to the fact that we absorbed the dark matter contribution into the effective gravitational constant.
PFDE background
The gravitational equation of motion can be written as At the background level, the equations read
where l ∈ {dm, b, de}. Since only non-relativistic baryons are considered p l ≈ 0 for l ∈ {dm, b}. At first order in the perturbations the equations of motion for the space-time component of Einstein's equation and the continuity equation for the energy-momentum tensor are 18) where the last two equations are for l ∈ {dm, b}. Using the momentum conservation we obtain
From the space-time component of the metric equations we express the velocity of the baryons as
Using the energy conservation for the baryons one gets
where in the second line the approximation of small scales k ≫ H has been assumed, as before, by using Eq. (4.20) . Inserting the expression for the velocity of the baryons yields 22) which yields, by using Eq. (4.18) and performing the integration,
Alternatively, one can obtain from the energy continuity equation for the baryons 24) which brings to where
Assuming PFDE with vanishing sound speed the dark energy has a dust-like velocity (see, e.g. [9] )
Using Eq. (4.19) the velocities of the different fluids just differ by an integration constant v dm = v de + const. Assuming, further, the initial condition v de = v dm the effective gravitational constant simplifies to
ΛCDM background
For a ΛCDM model the EOM are
which is a special case of the previous model with the additional condition Λ = ρ de = −p de = const. Using the previous calculation, the Poisson equation can be written as
where 32) where in the second line we accounted for the fact that, at the background level, ρ dm a 3 = C = const.
Mimetic gravity
The EOM of the mimetic scalar-tensor theory can be written as [8] g µν ∂ µ ϕ∂ ν ϕ − 1 = 0, (5.1)
3)
The equations are, however, not completely independent. The Klein-Gordon equation and the time-time component and the trace part of the spatial component of the Einstein's equation can be derived from the other equations (see the discussion in [8] ).
Standard way
For the standard way of obtaining the Poisson equation we consider the time-time component at linear order, as in the previous section
Using the first-order trace E (1)
, and the mimetic constraint ϕ ′ = a, we obtain for the time-time component
We see that the zero-zero component E
00 is canceled. Therefore, the standard way of calculating the Poisson equation cannot be followed here.
Alternative way for the mimetic gravity
At the background level the independent equations for the mimetic gravity from Eq. (3.8) are
In the following, we will assume that ϕ ′ = +a. At first order in the perturbations the metric constraint, the traceless (i,j) and the (0,i) component of the Einstein's equation and the energy and momentum continuity equation are
where
Before obtaining the Poisson equation it is also useful to consider the "gravitational slip". From (5.10) and (5.11) one can express the potential Ψ in terms of the field fluctuations δϕ
This can be used to calculate the gravitational slip γ as
The gravitational slip depends on the scale k (due to the fluctuations of the field) and on time. One can see that the gravitational slip vanishes, i.e. γ = 1, if and only if the function f (ϕ) = const, which is the case for a minimally coupled model. Note that the quasi-static approximation, commonly used to calculate the gravitational slip in modified gravity models (see, e.g. [54, 55] ), fails, due to the mimetic constraint Φ = δϕ ′ /ϕ ′ . The Poisson equation can now be calculated using the same steps as in the alternative way for GR. From Eq. (5.12) the velocity of the baryons can be expressed as
where in the second line we used Φ = δϕ ′ /a. From Eq. (5.11) we obtain
This equation can be inserted into Eq. (5.18).
As a next step the energy continuity equation is considered, using the same approximations as in the GR case, namely ρk 2 v ≫ ρΨ ′ , considering the regime k ≫ H.
The density fluctuation δρ b can be expressed in terms of the perturbations of the field δϕ and its derivatives. Using Eq. (5.16) and performing the integration, one finds
where we defined
Using the relation f ′ = f ϕ ϕ ′ = f ϕ a, we can rewrite the previous equation as 24) where in the last step we have used the fact that 4f δϕ ′′ + 4f ′ δϕ ′ = 4 (f δϕ ′ ) ′ . Alternatively, with the replacement f ′ = f ϕ a, we can finally write
Going back to the energy continuity equation (5.13), we notice that it can be written as
from which, by integration, it follows that 1 4f
By using Eq. (5.22) we obtain
Finally, by using Eq. (5.16) the Poisson equation can be expressed as
One can see that the field fluctuations act as a source for the Poisson equation and the effective gravitational constant becomes time-dependent. It is also possible to rewrite the Poisson equation in a more compact form. Using Eq. (5.22) and reinserting the Planck mass, the Poisson equation can be expressed as
Every influence of the field fluctuations can be recast as a modification of the gravitational constant, which is now time-and scale-dependent, due to the fluctuations of the fields. To compare the effective gravitational constant with the results from (4.29) or (4.32) it is convenient to rewrite (5.31) in a different form. By partial integration one can simplify it to
We can finally conclude
Minimally coupled mimetic gravity
We start by considering minimally coupled models f = 1/2 [8, 9] . As outlined before, the gravitational slip for this simplified model vanishes, γ = 1. The effective gravitational constant can be further simplified
Before continuing the discussion of the Poisson equation it is useful to consider the KleinGordon equation of the scalar field ϕ
At the background level, it simplifies to
By using (5.15), it can be written as
with
The background equation for the minimally coupled mimetic gravity model with non-relativistic baryons, E (0) ij = 0, can be written as
PFDE background
Assuming a background with CDM and PFDE, one has, from (4.13) and (4.14),
This leads to the identification for the function V = p de by (5.39) 3 . Moreover, by using eqs. (5.40) and (5.41), a 2 B can be identified as
As a consistency check, the Klein Gordon equation has to be fulfilled 43) where the continuity equations for the dark matter and the dark energy are used. One can see that the Klein Gordon equation is consistent with the previous identifications. Further, by using Eq. (5.34) the effective gravitational constant can be rewritten, in the case of a PFDE background, as
Using the natural identification v dm = −δϕ/ϕ ′ as in [9] and comparing Eq. (5.44) with (4.29) we can see that the Poisson equation for the minimally coupled mimetic gravity model with a PFDE background is equivalent to the Poisson equation of standard GR with the same background. This is nicely in full agreement with the previous results of [8] and [9] .
The necessary conditions and identifications are summarised here as follows:
• dust-like velocity of the dark energy fluid (hence PFDE with c
As already mentioned, the ΛCDM background is a special case of PFDE. For the function V , using the background equation, it yields the condition V = const. ≡ −Λ. For this case, the Klein-Gordon equation simplifies to
The effective gravitational constant can be expressed as
where a 2 B = const. ≡ C = a 3 ρ dm . Using the identification v dm = −δϕ/ϕ ′ again this is equivalent to the effective gravitational constant for standard GR with a cosmological constant and cold dark matter (see Eq. (4.32)).
The case of non-minimally coupled mimetic gravity
So far we have discussed the case of a minimally coupled model, which is equivalent to the mimetic cubic Horndeski model, using the two different backgrounds of PFDE and ΛCDM. Therefore, it is interesting to consider a ΛCDM background in the case of a more general non-minimally coupled mimetic theory with f (ϕ) = const. It is convenient to discuss the background equation in cosmic time. The metric equation in the FLRW background can be written as
The mimetic constraint yields in cosmic time ϕ = t, where we have neglected the integration constant. In a ΛCDM background we can parametrise the scale-factor as
with C = 3Λ/4 (see, e.g. [7] ). Inserting it into the background equation yields a condition for the free functions f and V 2f + 8 3 C coth(Ct)ḟ + 8 3
This is a second-order inhomogeneous differential equation for f (t). Since f and V are free functions we can define for any function f (t) an appropriate V (t) in order to solve such a differential equation. Therefore, it is in general not a problem to obtain a ΛCDM background. Let us discuss now one single toy model to illustrate possible solutions. Defining V (t) = −8/3C 2f − b, where b = const., we obtain a differential equation of first order.
This can be solved to yield
with integration constant d. In this way one could find solutions for the free functions with the desired behaviour. In this specific case, f (t) starts from 3b/(8C 2 )+d and then approaches exponentially the value of 3b/(8C 2 ) which could be normalised to the current value of 1/2 in units of M 2 pl = 1. For the case of a minimally coupled mimetic model f = 1/2 we have shown that in the ΛCDM background the effective gravitational constant is equivalent to that of the standard cosmological model consistently with previous results in [8, 9] . Therefore, it is interesting to discuss if this is also the case for f (ϕ) = const in a ΛCDM background. For a general function f (ϕ) the effective gravitational constant is (5.33)
As before, we can identify δϕ = −av dm . Comparing the previous equation with (4.32)
we obtain the conditions (2 − 4f ) = 0 and a 4f ′′ − 4 f ′2 f − 4f ′ H − aB = const. to have equivalent solutions. Therefore, we can observe that for any function f (t) = 1/2 it is not possible to obtain the same effective gravitational constant. The same conclusion can be obtained for a PFDE background model, comparing Eq. 
Normalized to the gravitational constantG eff is the effective gravitational constant which is commonly used in the literature to express deviations from the standard ΛCDM model.
Conclusions
In the first part of the paper we have derived the most general mimetic scalar-tensor theory given by Eq. (3.8), accounting for the constraint due to the speed of the gravitational waves and assuming a healthy seed theory. In a subsequent paper [48] it will be shown that under the condition λ ≥ 0 this mimetic theory is stable and it is not plagued by the presence of ghost instabilities.
In the second part of this paper we have derived for this mimetic gravity model the Poisson equation (5.30) with the effective gravitational constant Eq. (5.33), by studying first order perturbations around a flat FLRW background. In the case of a minimally coupled mimetic gravity theory f (ϕ) = 1/2 we showed that the Poisson equation is equivalent to GR with CDM and PFDE, with vanishing sound speed. A similar result was obtained for the evolution equation of the metric perturbation in [9] for a mimetic cubic Horndeski model, which is equivalent to our model up to redefinitions. Restricting to a ΛCDM background implies that the minimally coupled mimetic gravity model is not distinguishable from the standard ΛCDM model, up to linear order. The mimetic field mimics the CDM contribution while the dark energy is provided by a cosmological constant V (ϕ) = −Λ. In the last part we have shown that for the full non-minimally coupled mimetic gravity model f (ϕ) = const. the Poisson equation always differs from the standard ΛCDM model even for a perfect ΛCDM background, which can be obtained by appropriately choosing V (ϕ) and f (ϕ). Further, in this case there is always a non-vanishing gravitational slip, as given by Eq. (5.17) .
Altogether, the mimetic gravity theory with a non-minimally coupling provides an interesting modified gravity model which can be distinguished from the standard ΛCDM model at linear order. Due to the mimetic constraint the non-minimally coupling of the scalar field has a different phenomenology, compared to standard scalar-tensor theories with an unconstrained scalar field. Therefore, in a future work we plan to explicitly study the behaviour of the coupling in more detail and consider further consequences of it.
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A Explicit expression for the functions c i
In this appendix we give the explicit expressions for the functions c i , i = 1, ..., 4 defined in the main text. 
